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The New Tamm-Dancoff procedure consists of three main parts: an expansion for pairs of
states with respect to a non-orthogonal base, a cut-off approximation for this expansion, and a
transformation with respect to a new reference state. In this paper we treat part one and two.
It is shown that the NTD-procedure is equivalent to the tensor product of the original Schrédinger
problem and its conjugate problem. The occurring nonlinear transformation is examined and the

cut-off is discussed.

§ 5. Introduection

Tamm [1] and Dancoff [2] independently intro-
duced a procedure for the approximative determi-
nation of eigenvalues in quantum field theory. It is
based on an expansion with respect to a complete
orthonormal system in Fock space with a cut off at
finite order. To avoid certain divergences of prin-
cipal nature, Dyson [3] proposed a modification,
the so-called New-Tamm-Dancoff procedure (NTD-
procedure). Instead of a single eigenstate in Fock
space a pair of states is expanded with respect to
coordinates (as will be shown in § 11 nonorthogonal
ones) and this expansion is cut off at finite order.
Following Heisenberg [4], many of his former stu-
dents applied this procedure to a great extend,
especially Stumpf [5], Diirr and Wagner [6].

The convergence was proved in the case of the
anharmonic oscillator in [7]. On account of con-
siderable mathematical difficulties in relativistic
quantum field theory, the procedure was first tested
in solid state theory [8]. It turned out that it has
advantages in calculating approximations for com-
plicated many body systems [9].

This work classifies the NTD-procedure in the
mathematical framework of the algebraic theory of
many body systems [10, 11]. As a guidance the
treatment of electrons and holes in a semiconductor
was used, but any nonrelativistic solid state prob-
lem may be treated in a similar way.

Reprint requests to Prof. Dr. F. Wahl, Institut fiir Theo-
retische Physik, Universitit Tiibingen, Auf der Morgen-
stelle, D-7400 Tibingen.

The notation is the same as in [13], which will
be abbreviated by I in the following. Only local
systems with an energy cut off will be considered.
Asin I let (wy),c 4 be an orthonormal base of vec-
tors in the finite dimensional one-particle Hilbert
space €. The families of creation- and annihilation
operators with respect to this base are denoted by
(@),es and (ay),c4-, respectively. Let the local
Hamiltonian (with energy cut off) be

H = h(a+, a) = z hMNa+MaN.
M, NCHN

(5.1)

To specify examples, the expressions [8, (1.13)] and
[9, (2.1)] are of this type. We suppose H to be self-
adjoint, i.e.

haan = havar (— 1)HMIAMI=DHINIANI=1 - (5.2)

The NTD-procedure consists of three main parts:

(i) The pairs of states are expanded with respect to
a certain (non-orthogonal) basis, and the eigen-
value problem is transformed into a matrix
equation for the coefficients of this expansion.
As will be shown, the system is equivalent to
the direct product of the Schrédinger problem
and its conjugate under a non-unitary trans-
formation [§ 6— § 10].

The resulting system of equations is truncated
[§ 12]. The various approximations are discus-
sed in [8] for a solid state model.

(i)

As the ground state of a semiconductor model
is characterized by a completely filled valence
band, the analysis shown in §§6 to 12 is not
done in the Fock space representation cor-

(iif)
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responding to the pure vacuum, but in the
valence band representation. Within the NTD-
formalism this is accomplished by the F-trans-
formation (see [14], which will be abbreviated
by III in the following).

b/
o

. Determination of Energy Differences;
the ¢p-coefficients

In many body physics the ground state energy
in many cases is very large compared with the
energy difference between neighbouring states. In
the thermodynamic limit only energy differences
with respect to a reference-state are important. For
a method to determine such energy difference
(introduced by Dyson [3] and Freese [19]) we state

Theorem 6.1

Two state vectors ¥ and X (|V| = %] = 1) of
the Fock space are both eigenvectors of H if and only if

(P|(HA — AH) X = wg, (P AZ>.  (6.1)

holds for all A € L(# ;). The eigenvalues are related
b
Y (6.2)

WDyy = Ey — &.
Proof: For eigenstates ¥ and X we have HY¥
= ep¥V and HX = &, X. Thus
(P|(HA — AH)X) = CHP|AX)
—(V|AHZ)
= (eg — &)<W|4X).
To prove the converse, let (6.1) be valid for all
AeL(Hy). Let W', X' be arbitrary vectors in 7,
and A4y, the operator
Alll’z'(¢) = ’*F'(Z"q)) (q)ef[_))
We then have for all ¥' e 27, with [|[¥'] =1
[KV|H, Ap) 25| = | 0wz P[P <X| 2]
= ||| <12 | 2| )|
— [P |[H, Ay )0

(6.3)

Thus
|[<V|[H, Ap ] %)
:ln;l;l‘g]i CV|[H, Apr) %) . (6.4)
Let &, :== (X|HX), so we get
|| [H, Ap ] X)) = P |(HY' | 1)
— PG| HD)
=(H—e)¥P|¥ (65)
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(6.4) and (6.5) yield
|<(H e 81)?" g’>|2 = |<YII [H5A'I’Z]x>lz
= sup |<P|[H, Apy] %) |2

[1#’]l=1

= sup |{(H — &) ¥|¥P">|?
=1

— | (H — &) P2

Riesz

Thus the vectors (H—¢,)¥ and ¥ give rise to
equality in Cauchy-Schwarz inequality. So they are
linear dependent, there is a 4 € C such that

(H—¢)¥=1Y.

Thus ¥ is an eigenvector of H with the correspond-
ing eigenvalue (¥'| HY¥). Following the same argu-
ments we show that X is an eigenvector of H with
eigenvalue (X|H). By the first part of the proof
Wypy = Ey — &. II

In the present case with a finite number of de-
grees of freedom the operators a*Ma® (M, N C A")
span the algebra L(# ;). Thus the validity of (6.1)
for all A € L(# ) is equivalent to the validity of
(6.1) for all 4 of the form a*Ma¥N. The values of
(PlatMaNY) (M, N C A') are in a one to one cor-
respondence to the pair of state vectors (¥, X) ex-
cept form a common phase factor. Slightly deviat-
ing we define:

Definition 6.2

Let the ¢-cocfficients of the pair of state vectors
(¥, %) be

@uy (M| N) := {MI+IN (— 1)lal1¥] (6.6)
. <(_ 1)(|M[+|N]).’2’¥/I a+tM gN x> .

(Z is the number operator defined in (I.1)).

Since the a*Ma¥ form a basis of the algebra
L(Ay), equation (6.1) can be rewritten in terms
of the @-coefficients. This socalled @-system will be
set up in § 10.

§ 7. The Generating Operator and the @-functional

We want to comprehend the g@-coefficients as a
vector. This is achieved by defining g, Ay, Ay to
be CAR-algebras over the same one-particle Hilbert
space ¢ with corresponding annihilation operators
(@y)ye s s (), and (vy), e 4, respectively. We will
interprete the a, as annihilation operators of the
many particle system as usually, but the u, and v,
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as test operators. Asin I § 3 the CAR tensor product
A= Wy & Ay @ Wy is formed and the creation and
annihilation operators are identically embedded by
ayt, ay, wyt, uy, vt v (ue 7). All these operators
anticommute except the canonical anticommutation
relations

{au, ayt} = {uy, uyt} = {vg, vy} =0 I. (7.1)

We consider the Fock space representation for each
algebra and choose for U the product representation
on H,(€@®EDF). On this space we define the
generating operator

iut-a+t i+
V::elu a ell) a

(7.2)

(here is ut-at:= Z w,ta,t according to I § 2,
HEN
(2.23)). This operator series is finite, as A is of finite

dimension. In the case of infinite degrees of freedom
we must restrict the test-space to define V.

Using the calculations in I § 2 the series can be
determined :

V= S GIKIHIL ()RR LR+ 1L+ 1)
B LGA
cutKy+tLgtK gL (7.3)

This displays the generating operator comprising
all operators atXal (K, L C #) labelled with coef-
ficient operators u*tKy+L, respectively.

Now let ¥ and X be normed vectors in 5, (%).
We define an antilinear functional on the test space
H q,, (€ D €) corresponding to the pair of states
(¥, %). Using the generating operator we associate
with each @' € #,, (€D €) the value

FRD| VXS Quo)> (7.4)

0, denotes the vacuum vector in test space.
We exploit this antilinear functional on the spe-
cial elements @’ == u+*Myp+N 0, and obtain

P RurMotNQuy | V(X ® Quo))

= (@) uMvtN Quy | V iy (at) 2)

= {(— 1)(IMI+INI)3w(a+)_QI
(= DHNIANI =D+ MM = 1) ¥ y M

i|K1+ILI(_ 1)%(]K(+|L|)(|K|+!Ll—1)

K, LCA
cutKp+L a*‘KaLz(aﬂ.Q)

= {IMI+INT(— 1)IMIIN]

(= 1)(|M|+lNl)2’g/!a»:~.\1a.\'x>

= gy (M| N). (7.5)

Therefore, the antilinear functional defined in
(7.4) is called the @-functional. As it is defined on
a finite dimensional Hilbert space and therefore is
continuous, by the Riesz lemma there is a unique
element @ of Hilbert space, such that the @-func-
tional is the scalar product

(DD :=FRD| V(AR Quv)y. (7.6)

If we want to emphasize the dependence of @ on
the pair of states (¥, X) we write @ = @y,,. The set

{Dys| P, X € Hq,(6)}

is called the functional space %#. In the finite
dimensional case it is identical to the testspace
Haq,, (€D E). According to (7.5) and (7.6) the ex-
pansion of the @-functional with respect to the basis
(M orN Quy)yr, v cae 18

Dyy = Z utMytNQ o (M|N).
M NN

(1.7)

As intended @y, comprehends all ¢-coefficients of
the pair of states, thus forming a vector of the
functional space.

§ 8. Functional Quantum Mechanies

Let us express both sides of (6.1) by the ¢-coef-
ficients. The result is a linear eigenvalue equation
equivalent to the Schrodinger eigenvalue problem
by means of Theorem 6.1. For a detailed analysis
we contract (6.1) for all A=a*Ma¥ to give an
eigenvalue equation for the @-functional

FRV|[H, VI(X® Luo)>
= COqu(YI@ ¢’ I X ® Quu> N

tested on all @' € S, . The left-hand side is
P RD|[H, V(B Luo)>
=<WRP|HV(XE Luo)>
— POV |VH(A® Quo)>
={(HP)OP'| V(X Quo)>
- <‘Il® ¢'| V(HX ® qu)>
= LD | Pawye — Pwany »
the right-hand side equals wyy{P’|DPy;)>. There-
fore, the equation for the @-functional is

Diywyy — Pory = 0wy Dyy . (8.1)
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If we define the functional Hamiltonian by

B®y, = ‘p(mv)z - ¢9'(H1) (8.2)
the g@-system takes the form
BO=wd. (8.3)

Summarizing we have the following statement:

Using the functional formulation of quantum me-
chanics, we assign an antilinear functional to every
pair of states in Fock space. The solution of the
eigenvalue problem for a Hamiltonian H in Fock
space is equivalent to the solution of the eigenvalue
problem for the respective functional Hamil-
tonian B.

§ 9. Functional Replacement

In this paragraph we establish an explicit expres-
sion of the @-functional.

Theorem 9.1
The D-functional is given by

Dy = p(iu-+ivh) T g (ivt) Que. 9.1)
To prove this we need two lemmata.
Lemma 9.2
The D-functional is equal to the element
p(@*)* Vy(a) 2 9.2)

restricted to Qa & Hy,,.

Proof: We start from definition (7.6) and de-
termine
(D | Py =<PRD| V(XD Luv))
= {p(at) @' (ut,v) 2|V y(a) 2>
=< ® V' |p(a*)*Vy(a)2>.

Expression (9.2) still contains operators of the sys-
tem algebra 2, . These can be replaced by operators
of the functional algebra A,, in a well defined
manner.

Lemma 9.3. (Replacement of Operator Monoms by
Functional Operators)

Let A be an arbitrary element of Wq and M C N.

Then
aMVAQ = (—iut —iv)MVAQ,

(@ + vt MVAQ = (—iu+vH)MVAQ.

(9.3)
(9.4)

Interpretation: If the generating operator is ap-
plied to the vacuum state relative to the functional
space (£2yyp), then creation/annihilation operators of
the system algebra A, preceding the generating

operator may be replaced by corresponding linear
combinations of operators of the test-algebra.

Proof: Let u e A4, then we have
v VAQ = v e % v 0 4 0
_— eiu*-a+eiv+-ae—iv+-avueiv+-aAQ

— eiu*-a*eiv‘“a(?ﬂ + iau)A?

(1.2.25)
— giut-at iaue—iw st giut-at giviea 4 )
= (ay +iu,) VAR

(I.2.25)

from which follows

auVAQ = (—ivy—iu, ) VARQ. (9.5)

By induction we prove (9.3). By an analogue cal-
culation we get
U VAQ =ia, " VAR,
and again (9.4) is deduced by induction. Jj
We now prove Theorem 9.1:

A further transformation of (9.2) leads to

p(at) Vy(at) 2
= Z (— )HMAMI=D g5 aM T 5 (a+) Q
MCwH
= 1 y(_l).}llﬂ(uﬂ—l)@“l(_iu+_iv)1\1
(9.3) MCH
- Vylat) 2

=yp(iu+ vt Vy(at) V-1V Q2
=p(u o)t y(at 4 ivt) VR
] 1p

(fu -+ vty y(—iu+ tvh) V2. (9.6)

(9.4)
With this result the @-functional is

<u+Mv+.V_Q | ¢wz> - <u+M N O ] w(a+)+ VX(“+)Q>

= uMytN Q| p(iu 4 ivt)t g (—iu +ivt) e et 0
' 4+

(9.6) t

= MtV Q| p(iu + ivt)t g (—iu 4+ iv) Q).

(1.2.28)
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Comparison of the right-hand factors in the scalar
product results in (9.1) according to Riesz’ lemma.

Remark: Using the replacement procedures
shown in Lemma 9.3 we can immediately give an
explicit expression for the functional Hamiltonian

B =h%(ut +v,u) — h(—tu+ ivt, —iv). (9.7)

This way is taken in [8]. We thus have an explicit
formulation of functional quantum mechanics with-
out referring to the structural analysis developed
in the next paragraph. But the deduction of the
functional Hamiltonian (9.7) is greatly simplified
by the method of the next paragraph, so we post-
pone the proof of (9.7).

§ 10. Structural Analysis of the NTD-procedure:
Equivalence with a Product of Schriodinger
Problems

The explicit expression (9.1) immediately leads to
Dyy = p(iu + ivt)ty(tot) Q2
=e " Py(u)tet Py (ivt) Q2

=e " Uy (ut)l y(ivt) 2. (10.1)

Following the thesis of Symanzik [15], who intro-
duced a similar transformation in the case of the
anharmonic oscillator, we call the operator

e—u~v

(10.2)

the Symanzik-transformation. With this transforma-
tion, functional quantum mechanics can easily be
characterized :

Theorem 10.1. (Structure of Functional Quantum
Mechanics)

The Symanzik-transformation is a vector space iso-

morphism from the tensor product o (€) @ H o, (€)
onto the functional space F . The @-functional is given

by

Dy =e %P (p(ut)? x(tvt) 2), (10.3)
the functional Hamiltonian by
B =e % ?h(ut,u)® — h(ivt, —iv))e*? (10.4)
or explicitly
B=h%ut+v,u) —h(vt —iu, —iv). (10.5)

Proof: The Symanzik-transformation is linear,
its inverse being e*"?; therefore, its an isomorphism
of vector spaces. Relation (10.3) was shown at the

beginning of the paragraph. Further we have
B®y, :=)¢(H‘F)Z — Pyay
(8.2

=e " (Hy(ut) Qy)2 ® y(6v) 2,
(10.3)

— )22y ® h(ivt, —iv)
g (1) Q)
=e ¥ ?(h(ut,u)® — h(ivt, —iv)
p(uh) (v 2
=e " P(h(ut,u)® — h(ivt, —iv))
e P Dy,
Thus we have (10.4). If we define Hyy:=
h(tvt, —iv), then
B=e *"HARI— IR Hpp)e*'*. (10.6)
H

The @-system is given by the Symanzik-transforma-
tion of the eigenvalue equation '

(HA® I — I& Hip) (P2 B Xivr)

= (P2 & Xip) . (10.7)

This is the tensor product of the conjugate of the
Schrodinger problem with the Schrodinger problem
itself. From I, Theorem 4.2 we know the conjugate
problem being equivalent to the original one. Ac-
cording to [16], I, p. 300, Theorem VIIL.33, the
spectrum of the tensor product is given by oy — o .
So we have shown again the equivalence of the
@-system with the Schrodinger problem.

In the following we denote the difference Hamil-
tonian by

H:= a2 (ut,u) — k(v tv). (10.8)

This operator is selfadjoint. Equation (10.7) there-
fore can be handled as usual. The Symanzik-trans-
formation provides a relation between the tensor
product space, which has a physical interpretation,
on one side, and the calculus in the functional space
on the other side. This will be evaluated in the
next paragraphs.

§ 11. Physical Norm and Physical Inner Produet in
the Functional Space

We can form the formal inner product with two
elements of the functional space @, @' € #

(D| D'y, (11.1)
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if we consider @ and @’ as elements of the Hilbert
space H#p, (¢ @ ). But this inner product is non-
physical. Namely by application of the Symanzik-
transformation we get

(Dyy| P> = (b (wt +v) g (—ivt —iu)Q
. [ 'P’A('”' + 'u)

sy (fvt — du) Q). (11.2)

If we calculate, e.g., the formal inner product of
the one-particle states ¥'=a17Q, X =a;+Q and the
zero-particle states ¥'= 0, X' = 0Q, we get

(Do | Py = — 1.,

contrary to the fact, that the transition amplitude
from Y2 & X to W2 & %' vanishes.

On the other hand, the inner product on the tensor
product space given by the sesquilinear extension
of (11.3)

PLRX|P'2RAy = PA| W'y X |2
has the physical meaning of the probability ampli-
tude to find the prepared states ¥2 ® X during
a decision measurement for the states ¥'2 & X'.
We can transfer this interpretable inner product

to the functional space by means of the Symanzik-
transformation and the definition:

<<¢le¢¥/’x'>> = <'PA®X]'1U'A®X'>. (11.4)
We call ({.|.)) the physical inner product.

Theorem 11.1
The physical inner product is given by
L Dyy | D)) =<P|GD")
with the metric tensor G := €*" " “"¢*'°, The functional
space is a Hilbert space with {{.|.)) and the Symanzik-
transformation is a unitary mapping of (#5 ® # ),
(.| >) onto (F,<.|.))). Functional quantum me-

chanics s then unitarily equivalent to the tensor prod-
uct of the Schrodinger problems.

Proof:
L Dyy | Py
= (P2 (ut) g (Gvt) 2| 9’2 (ut) ' (ivt) 2
= (" " Dyy | " " Dy

= (Dyy| e " e " Dy .

(11.5)

Thus G := €*""""¢*"? is indeed the metric tensor of
the physical inner product with respect to the for-
mal inner product. The Symanzik-transformation

F. Wahl et al. - On the Mathematical Structure of the New-Tamm-Dancoff Procedure

is a linear mapping from (#'% @ # 4, {.|.)) onto
(#,<<{.|.»>) which preserves inner products and is
invertible. Thus # is indeed a Hilbert space with
{(.|.»> and e~*'" is unitary. JIff

Theorem 11.1 shows that for convergence exami-
nations in functional space the physical norm

[||Pwx]|| := V’Zi@w | Dy >

(or other topologies derived from the physical inner
product) must be used to get interpretable results.

§ 12. The Truncated ®-system

Applying the NTD-procedure, approximate solu-
tions of the eigenvalue problem can be contained by
truncating the @-system. Instead of solving the
D-system

> (utMytN Q| ButkotLl Q5 ¢ (K| L)
K ICH

=wg(M|N) (12.1)

(for all M, N C #°) we are looking for solutions of
> (utMytN Q| ButKy+tL Q) (K | L)

(12.2)

(for al M, Ne #). Here Z ={MC NV || M| < p},
i.e. in the system (12.1), all powers of creation
operators higher than p are put equal to zero.
Notice that the expansions (12.1) and (12.2) are
made with respect to the formal (i.e. non-physical)
inner product. Therefore, we cannot interprete
Eq. (12.2) as a p-particle approximation, since the
non-orthogonality of the basis u*Mv*+N with respect
to the physical inner product leads to a mixing
with higher terms.

Let us define the truncating projection operator
P, by
Ppd:= 3 utMotNQutMytN Q| D).

M, NCAH
||, |M|=p

(12.3)

The truncated @-system is now the eigenvalue
problem

P,BPy® = 0w, ® (12.4)
with the additional condition P,® == 0.
Theorem 12.1
Let
Qp:=evvPyeu-? (pek), (12.5)
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then Qp is a non-orthogonal projection operator in the
tensor product space. The truncated NT D-procedure
15 equivalent to the truncated eigenvalue problem

QHQ(P2RX) = wp(P2&X) (12.6)
with the additional condition Qp(W2 & ) =+ 0.
Proof:
Qp2 = et v Ppet-veu VPt — gu-v Ppo-u-v,
i.e. @p is a projection operator.
Qpt =e " Ppe™ " £ Qp (pF0)
shows that @, is non-orthogonal. If we apply the

Symanzik-transformation to the truncated @-sys-
tem, we get on the left-hand side
e VP BP,® = et v Ppe Vet v Be -
. eu-vae—u-veu-vQ)
=QpH@pe P,
thus
QrHQper "D = wpet v P

with the condition Qpe%-v*® 0. |

In the following we collect some properties of the
truncating projection operators Q,. A detailed
analysis of these operators is a prerequisite for the
treatment of convergence in the NTD-procedure.

Theorem 12.2

The truncating projection operators @ can be split
up into

Qz: =P, » + Rp
there Pp is the orthogonal projector onto the subspace

with particle number <p and Ry is given by

Rp:_Pp ‘QI

IQép(er<[Ql =
The following identities hold:

Ppr =Qp7 PpszRp,
RyPp=0.

(12.7)
)(—1)r) (wv)Q. (12.8)

(12.9)

Proof: Let @ € # be arbitrary. Then

QpD = e VPpeuvP = eu-v Z wtKytL Q (utKptL Q| e-u- 2 D)

|&|,1Z|<p

= (

|K|,12L| =p
=2

|E|,TZ|<p RCENL

ut — ’U)K /u'f'LQ <u+K v+LQ I e~u-v ¢>

(— 1)HRIURI=D sign (K\ R | R) sign (R | L\ BR) u*E\R(—1)IBly+I\R

-(sign(K\ R | R) sign(R| L\ R) utE\By+RytRy*I\NRQ | g~u-v D) .

Now

(utE\By+Ry+Ry+INR |e-u-v@P) = {utRy+Ry +E\Ry+I\R () |eu-v )

= (utE\Ry+I\R () |vRuRe-u- 2Py = <u+K\R,U+L\R_QI (— 1)HRIABI+D) (g )R o~ v D |

In the last expression we collect all terms with utMv+NQ for constant M, N C 4. This term occurs
as many times as M U R = K with |K| < pand NU R = L with |L| < p is valid for R with ¥ N R

= NN R = 0. Thus

wtM N Q (utMy+N Q l (uv)Re~u-2 D)

|R|>p J

Qo= >
M, NCAH RCHN\(MUN)
|IMUR|<p
INUR|=p
= > wtMyiNQ u+Mv+N.Q|( > (wv)R— (uv)R>e—“'”¢\
M|, |N|=p RCH :
= P, uv)Re-u-v — uv)Re-u-v\ P
p(R%:JV( ) [R]Zp( ") )
= (P,, — P, > (uv)R(—uv)S)Q
|R|>p
SgH

Q|

= (P” B2, (Z(I q]— ) A= ”r> “‘”’Q)‘I’

(12.10)
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This proves the assertion (12.7)—(12.8). Equations
(12.9) follow immediately from (12.10). [

As was shown by the first author [8], for p=1, 2
and 4 the truncated system of an exciton model
gives results comparable to those obtained by
Haken [17]. Theorem 12.2 explains this correspon-
dence: the truncating projection operator @, is
equal to the projector of the subspace with particle
number < p except for the “perturbation” R,.

The vality of the approximation of H by

QpHsz:PPHPp
+ (PpHRp+ RyH Py

+ R,HRy) (12.11)

is given by an estimate of the remaining R, ®. How-
ever, it can be shown that for certain states @ the
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